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Abstract— Parametric X-radiation along the velocity of a relativistic electron (FPXR) moving through a sin­
gle crystal plate is analyzed in the Laue scattering geometry. It is shown that the ratio between the contribu­
tions of these radiation mechanisms strongly depends on the degree of reflection asymmetry. The presented 
theoretical results can be used for experimental investigations of FPXR.
INTRODUCTION
When a fast charged particle moves through a sin­
gle crystal, its Coulomb field is scattered by parallel 
crystalline atomic planes of the crystal, generating 
parametric X-radiation (PXR) [1—3]. The theory of 
PXR from a relativistic particle in the crystal predicts 
that radiation can be emitted not only in the direc­
tion of Bragg scattering, but also along the velocity of 
the emitting particle (FPXR) [4—6]. This radiation is 
caused by the dynamic diffraction effects of PXR. 
Attempts to perform experimental studies of FPXR 
are known [7—11]. However, the first report of an 
experimental observation of FPXR appeared only 
recently, in [10]. In this experiment, transition radia­
tion in neighborhood of Bragg frequency was sup­
pressed via destructive interference of the waves of 
transition radiation on the input and output surfaces 
of a crystalline plate. However, in [10], the narrow 
spectral peak of transition radiation caused by the 
dynamic effects, which arises in the neighborhood of 
Bragg frequency [12], was not analyzed. Neverthe­
less, this experimental peak could be interpreted as 
the FPXR peak. In [11], X-radiation of relativistic 
electrons moving in a thick absorbing single-crystal 
target was measured under the conditions of genera­
tion of FPXR. However, the desired reflection was 
not clearly distinguishable on the background of 
radiation produced by electrons of the structural 
components of the experimental setup. Thus, the 
theoretical study of the properties of PXR along the 
particle velocity and search for optimal conditions of 
reliable experimental observation of this dynamic 
effect remain urgent problems.
In the case of symmetric reflection, the dynamic 
effect of FPXR on the background of transition 
radiation (TR) was described theoretically in [13— 
15]. In the general case of asymmetric reflection, 
theoretical descriptions of PXR, transition radia­
tion, and FPXR in the Laue geometry were reported 
in [16—18]. It has been demonstrated that the spec- 
tral-angular densities of the above-mentioned radi­
ations substantially depend on the asymmetry 
parameter. Effects related to the degree of asymme­
try have been revealed.
In this paper, parametric X-radiation along the 
velocity of a relativistic electron is considered in the 
Laue scattering geometry in the case in which 
reflection is asymmetric and atomic planes can be 
situated at arbitrary angle S with the target surface. 
The expressions describing the spectral-angular 
density of FPXR, TR, and their interference are 
derived via the two-wave approximation of the 
dynamic diffraction theory [20].
SPECTRAL-ANGULAR DISTRIBUTION 
OF RADIATION
Let us consider radiation of a relativistic electron 
when it moves through a crystalline plate with thick­
ness L  at constant velocity V (Fig. 1). In [21], expres­
sions for describing contributions to the spectral- 
angular densities of FPXR and TR and the summand 
characterizing their interference have been derived:
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Fig. 1. Geometry of radiation propagation: 9' is the radia­
tion angle, 9B is the Bragg angle (the angle between elec­
tron velocity V and atomic planes), 8 is the angle between 
the plate surface and the crystal’s atomic planes under 
consideration, and k and k^  = k + g are the wave vectors of 
incident and diffracted photons.
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As in [21], we introduce the following designations:
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Expression (1)—(3) involves parameter s that 
determines the degree of asymmetry:
sin(5 + 0B) (r,
sin(8 -  0B) ’
where 0B is the angle between the electron velocity and 
the system of crystal planes.
Note that the angles between the wave vectors of 
incident and diffracted photons and the plate surface 
can be equal (symmetric reflection, Fig. 2) or unequal 
(asymmetric reflection). In addition, e = 1 and 
8 = n / 2 if reflection is symmetric and e ^ 1 and 
8 k/2 if reflection is asymmetric. The angle of an
incident electron with the plate surface, 8 -  0B, 
increases with decreasing parameter s and vice versa 
(Fig. 2).
Spectral curves constructed according to for­
mula (lb) (Fig. 3) exhibit a growth in the intensity 
of the FPXR peak and a decrease in its spectral 
width when crystal thickness increases. It should be 
noted that FPXR has an interesting property related
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Fig. 2. Radiation reflection from the crystalline plate: (e = 1) symmetric reflection and (s > 1, e < 1) asymmetric reflection.
to the asymmetric reflection of the relativistic elec­
tron field from the crystalline plate (with respect to 
its surface). It turns out that, likewise, the FPXR 
spectrum peak amplitude substantially increases 
(Fig. 4) and its spectral width decreases with 
decreasing asymmetry parameter s. To highlight this 
effect, curves corresponding to different values of e 
were constructed at the fixed angle 0B between the 
electron velocity and parallel diffracting atomic 
planes of the crystal and for the constant electron 
path in the crystalline plate, which is characterized
by parameter b(s)
Let us consider the influence of asymmetry on the 
angular density of PXR. For this purpose, expression (la)
is integrated with respect to frequency function r|(s)(co):
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Fig. 3. Comparison of FPXR spectra calculated for differ­
ent particle paths in the target.
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Fig. 4. Comparison of FPXR spectra calculated for differ­
ent values of the asymmetry parameter.
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Fig. 5. Influence of reflection asymmetry on the angular 
density of FPXR. r|(i)(co)
Curves that describe the angular density of FPXR 
and were constructed according to formula (6b) for dif­
ferent values of reflection asymmetry parameter s are 
presented in Fig. 5. They exhibit a significant growth in 
angular density with decreasing parameter e. Thus,
when 0B and electron path 2b(s) have fixed values, the 
FPXR spectrum peak amplitude and the angular den­
sity substantially depend on angle 5 between the sur­
face of the crystalline plate and the system of diffract­
ing atomic planes.
ANALYSIS OF THE CONTRIBUTION 
OF TR TO THE TOTAL RADIATION YIELD 
AND THE INFLUENCE OF INTERFERENCE 
BETWEEN FPXR AND TR
In the real experiment, the contribution of FPXR 
can be observed only in the presence of TR. Hence, it 
is necessary to analyze the contribution of TR and 
interference between FPXR and TR.
Expression (2b) describes the transition radiation 
spectrum formed on the input and output surfaces of a 
target. The first two summands correspond to the sec­
ond and first mechanisms of radiation, and the third 
summand characterizes their interference.
Distribution (2b) substantially differs from ordi­
nary TR emitted by amorphous dielectric plate with 
thickness L. This difference caused by the dynamic 
diffraction effects is observed only in the neighbor­
hood of Bragg frequency coB. Beyond this neighbor­
hood »  s j , function Rjl  takes the form of the 
well-known expression for describing the interference
Fig. 6. TR spectra for different values of the asymmetry 
parameter.
between the waves of TR emitted by the input and out­
put surfaces of the plate,
R j l  « 16sin2
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where Le is the electron path in the plate.
Expression (7) indicates the possibility of decreas­
ing the TR contribution into the total radiation yield 
in the neighborhood of Bragg frequency by interfer­
ential suppression of the contribution of ordinary TR 
in the sufficiently wide neighborhood of Bragg fre­
quency coB for the fixed angle of observation under 
the condition
bisW s}
Functions which were calculated from (2b)
= 7in, n = 0,± 1,... (8)
for fixed values of parameters v(s) and 1
y2|xol
and dif-
ferent values of asymmetry parameter e , are presented
in Fig. 6. Parameter b(s) and observation angle 0 are 
selected according to resonance condition (8) for 
n -  3. It follows from Fig. 6 that the TR peak shape 
depends on the reflection asymmetry because the 
asymmetry parameter affects the ratio between the 
phase of the TR wave formed on the input surface of a 
crystalline plate (after the dynamic diffraction in the 
crystal) and the phase of the TR wave emitted from the 
output surface of a crystalline target.
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Fig. 7. Relative contributions of FPXR, TR, and their 
interferential summand in the case of symmetric 
reflection.
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Fig. 8. Relative contributions similar to those in Fig. 7 for 
another fixed observation angle.
The angular distributions of FPXR and TR are dis­
tinguished at a fairly high energy of an emitting parti­
cle (y2|xo| ^  I )• According to expression (2a), the TR 
angular distribution maximum is located near the 
angle 0 « y”1 and FPXR is concentrated near the large
angles 0 ~ J\ÿj\ > y-1 (Fig. 5). The ratio between the 
contributions of collimated FPXR and TR strongly 
depends on observation angle 0. To estimate this ratio, 
the interference between FPXR and TR must be taken 
into account.
To analyze the relative contributions of FPXR and 
TR and its interference expression into the total radi­
ation yield, let us represent expressions (1), (2), and 
(3) as
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Spectral-angular distributions for FPXR and TR 
and their interferential summand are presented in 
Figs. 7 and 8. The relative contributions were calcu­
lated according to formulas (9)—(11) for different 
fixed observation angles under the assumption that 
condition (8) is satisfied. It should be noted that the 
FPXR and TR peaks have a small width (on the order 
of several eV). The presented curves constructed for 
symmetric reflection (s = 1) show that the interfer­
ence between FPXR and TR substantially affects the 
total radiation spectrum. In addition, only TR con­
tributes to the formation of a narrow spectral peak in 
the range of small observation angles, as seen in Fig. 7. 
The relative contribution of PXR grows with increas-
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Fig. 9. Relative contributions similar to those in Fig. 7 in 
the case of asymmetric reflection.
Fig. 10. Relative contributions similar to those in Fig. 8 in 
the case of asymmetric reflection.
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Fig. 11. Relative contributions of FPXR, TR, and the 
interferential expression into the total radiation yield in the 
case where reflection is symmetric and condition (8) is not 
satisfied.
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Fig. 12. Relative contributions similar to those in Fig. 11 in 
the case of asymmetric reflection.
ing observation angle 0, as shown in Fig. 8. However, 
in this case, the total radiation yield substantially 
decreases. It follows from Fig. 8 that the interference 
can substantially decrease the TR contribution into 
the total radiation spectrum.
Since the TR contribution into the total radiation 
spectrum (Fig. 6) insignificantly changes with 
decrease in asymmetry parameter e , in contrast to the 
FPXR contribution (Fig. 4), it is of interest to consider 
the case where the asymmetry parameter is fairly large.
The corresponding curves, which were calculated for 
the same values of parameters as in Figs. 7 and 8, are 
presented in Figs. 9 and 10. It is seen that the relative 
contribution of FPXR into the total radiation spec­
trum substantially increases and becomes dominant 
for sufficiently large observation angles. In addition, 
the interference between TR and FPXR is insignifi­
cant as well.
Since condition of TR suppression (8) can hardly 
be fulfilled in the real experiment, it is of interest to
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estimate radiation contributions for an arbitrary thick­
ness of the crystalline plate. Curves constructed 
according to formulas (9)—(11) are presented in 
Figs. 11 and 12. It is seen that the FPXR contribution 
to the total radiation spectrum is practically incon­
spicuous in the case of symmetric reflection (Fig. 11) 
and becomes dominant in the case of fairly strong 
asymmetry.
Thus, in the case of strong asymmetry, the target 
corresponding to the third diagram in Fig. 2 (s < 1) 
makes it possible to observe the pronounced 
dynamic effect of FPXR on the background of tran­
sition radiation.
CONCLUSIONS
The analytic expressions for the spectral-angular 
distribution of coherent X-radiation emitted by a rela- 
tivistic electron in the direction of its velocity during 
propagation through a single-crystal plate have been 
investigated. These expressions, which describe the 
contributions of forward diffracted parametric X-radi­
ation (FPXR), transition radiation (TR), and their 
interference, have been derived in a two-wave approx­
imation of the dynamic diffraction theory in the gen­
eral case of asymmetric (with respect to the target sur­
face) reflection of relativistic electron field. It is shown 
that both the FPXR spectrum amplitude and its angu­
lar density substantially increase with decreasing 
asymmetry parameter s (Fig. 2). It is shown that the 
shape of the transition radiation peak likewise depends 
on the reflection asymmetry parameter owing to its 
influence on the ratio between the phase of the TR 
wave formed on the input surface of a crystalline plate 
(after the dynamic diffraction in the crystal) and the 
phase of the TR wave emitted from the output surface 
of a crystalline target. The relative contributions of 
FPXR and TR into the total radiation yield and the 
influence of their interference have been analyzed. It is 
shown that a decrease in asymmetry parameter s leads 
to a growth in relative contribution of FPXR for both 
large and small observation angles. In the case of cer­
tain strong asymmetry, the contribution of FPXR 
becomes dominant.
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